Abstract An improved ionospheric tomography algorithm is developed for the tomographic reconstruction of the ionospheric electron density distribution based on the automatic search technology of relaxation factor, in which the automatic search technology is a training process to optimize the relaxation factors of the iterative algorithm. In comparison with some classical tomography algorithms, the proposed algorithm can not only greatly improve the efficiency of inversion but also obtain ionospheric electron density images with high fidelity. A careful validation of the proposed algorithm is performed by conducting numerical experiments with Global Positioning System simulation and real data, and according to the results of the quantitative comparison and statistical analysis, compared with other classical ionospheric tomography algorithms, the proposed algorithm exhibits significantly reconstruction accuracy.
Introduction
Computerized tomography has been successfully applied to the medical field for the first time and then extended to other applications. In ionospheric researches, computerized ionospheric tomography (CIT) has shown significant advantages for ionospheric electron density (IED) reconstruction. Based on the slant total electron content (STEC) of the signal propagation path of multiple satellite ground stations, Austen et al. (1986) first proposed the tentative idea by using computerized tomography for ionospheric imaging and then used the CIT to reconstruct a 2-D image of IED distributions (Austen et al., 1988) . Subsequently, plenty of theoretical and experimental studies have successively been performed worldwide, in particular, with the emergence and development of Global Positioning System (GPS) technology, which further prompted the rapid development of the CIT technique. Among them, Hajj et al. (1994) first considered combining GPS data obtained from the LEO satellite and space occultation to reconstruct IED images. Since then, the study of the GPS-based ionospheric tomography has been developed by leaps and bounds. However, ionospheric tomographic inversion is an ill-posed problem due to the limitation of viewing angles and sparse distribution of GPS stations. Therefore, various CIT inversion algorithms have been proposed by many international and domestic scholars to overcome the above problem, which are generally divided into two categories: iterative algorithms and noniterative algorithms (Yao, Tang, et al., 2014) .
For noniterative reconstruction algorithms, the most common approaches are the singular value decomposition (SVD; Zhou et al., 1999) and some improved versions based on SVD, such as the modified truncated SVD method (Kunitake et al., 1995) and generalized SVD (Bhuyan et al., 2002) . The biggest advantage of the SVD-based methods is that its inversion quality is independent of any initial solution. However, the CIT projection matrix is usually very large that it is difficult to solve the inverse with the SVD in the inversion process. In contrast with the noniterative reconstruction algorithms, the common iterative reconstruction algorithms include algebraic reconstruction technique (ART; Austen et al., 1986) , multiplicative ART (MART) (Raymund et al., 1990) , simultaneous iteration reconstruction technique (SIRT) (Pryse et al., 1993) , and other modified versions based on the three commonly used iterative reconstruction algorithms. Such as Ruffini et al. (1998) developed the PIM-aided Kalman filter reconstruction algorithm. Ma et al. (2005) and Razin and Voosoghi (2016) proposed the neural network reconstruction algorithm. Hobiger et al. (2008) proposed the constrained simultaneous ART. Liu et al. (2010) introduced the constrained simultaneous iteration reconstruction technique. Wen et al. (2007 Wen et al. ( , 2008 Wen et al. ( , 2010 Wen et al. ( , 2012 Wen et al. ( , 2014 Wen et al. ( , 2015 developed the improved ART (IART) based on the relaxation parameter adaptively, hybrid reconstruction algorithm by combining the truncated SVD and ART algorithms, constrained ART algorithm, two-step tomographic algorithm based on the Phillips smoothing method and multiplicative ART algorithm, fitting method with selection of the parameter weights, and constrained adaptive simultaneous ART, respectively. Kunitsyn et al. (2011) and Nesterov and Kunitsyn (2011) proposed the SIRT by using the Sobolev's norm as a stabilizer. Seemala et al. (2014) proposed an improved 3-D ionospheric tomography algorithm with constrained least squares over Japan. Tuna et al. (2015) proposed the IONOLAB-CIT model based on an iterative optimization framework. Yao, Chen, et al. (2013) , Yao, Jun, et al. (2014) , Yao et al. (2015) , Yao, Tang, et al. (2014) , and Yao, Tang, et al. (2013) developed the hybrid reconstruction method by combining pixel-based and function-based models, regularization reconstruction algorithm by incorporating both Tikhonov and TV regularization, 3-D iterative reconstruction algorithm based on total variation minimization (TV3D-ART), adaptive SIRT, and the improved ionosphere tomography algorithm with two-grid virtual observations constraints and 3-D velocity profile, respectively. Zheng et al. (2015 Zheng et al. ( , 2016 proposed the multiscale CIT and variable-pixel-height CIT. Wang et al. (2016) developed the 3-D ionospheric tomography reconstruction by using the model function approach in Tikhonov regularization. Beyond that, increasing the observations as the most intuitive idea to solve the ill-posed problem, which is widely concerned by many scholars, such as the ionospheric data assimilation three-dimensional (Bust et al., 2004) , the Electron Density Assimilative Model (Angling, 2008) , regional 3-D IED specification by assimilating ground-based Global Navigation Satellite System and radio occultation data (Aa et al., 2016) , and global IED estimation based on multisource TEC data assimilation (She et al., 2017) .
Generally, they have been demonstrated that the above algorithms can significantly improve the reconstruction quality. However, it needs to be noted that the ill-posed problem still exists in ionosphere tomography. On the one hand, intensive computation time caused by searching the optimal relaxation factor is also the obvious disadvantage of these iterative algorithms. On the other hand, the performance of the existing reconstruction algorithms based on the adaptive adjustment of the relaxation parameters needs to be further improved. Therefore, it is very necessary to develop an ionospheric tomography algorithm with high efficiency and high resolution. For this purpose, a new tomographic method by combining the IART algorithm and automatic search (AS) technology of relaxation factor, termed IART-AS, is presented and validated. In the following, the methodology of IART-AS is introduced and applied to reconstruct the IED by using simulated and real GPS observations in China region. Finally, the features and reliability of the IART-AS algorithm will be discussed in comparison with some classical tomography algorithms.
Methods
CIT uses the STEC of the GPS signal path to reconstruct IED distributions, in which the STEC can be calculated by measuring the modulations on the codes and the carrier phases with the dual-frequency GPS receivers as shown in Jin et al. (2012) and expressed as
whereP 4, sm is the pseudo-range observations of the phase smoothing code, DCB i and DCB j are the differential code biases of the satellites and GPS receivers, respectively, and DCB's unit is the time.
GPS Ionospheric Tomography Theory
The STEC is the line integral of IED along the signal path from satellite to ground stations. It can be defined as
where Ne is the electron density at a point in the signal path p and r ! is the position vector of the point at time t. To obtain Ne, the ionosphere is divided into many small grid pixels, where the electron density of each pixel
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Radio Science is assumed to be constant during a specific short time period, so that the STEC in (2) along the ith path can be approximately expressed as a finite sum over the pixels j as follows:
Meanwhile, (3) can generally be written in matrix notation as
where n is the total number of pixels; m is the total number of STEC measurements or signal paths; y is a column vector with the m known STEC measurements; A ij represents the element in the ith row and jth column of A, which is equal to the length of segments with the ith raypath throughing the jth pixel; x is the vector consisting of the unknown electron densities of all the pixels, and ε m × 1 is an error column vector associated with the discretization errors and the typical instrumental noise.
As described above, lots of tomography algorithms are used to improve the reconstruction quality, among them, the ART algorithm as one of the most common approaches and it is iterated cyclically:
where
, a i is the ith row vector of matrix A, and γ k is the relaxation factor of each iteration with 0 < γ k < 2.
Based on the ART algorithm, Wen et al. (2007) developed an improved algorithm combined with the adaptive adjustment of the relaxation parameters (defined as ART-AA in this article). The column vector λ k À 1 will be improved as follows:
. With this method, the relaxation factor for each pixel can be adjusted according to its estimate obtained from the last iteration, and the electron density vector x is therefore corrected iteratively by the second item on the right side of (5) until the residual does not change or is sufficiently small or completely satisfies the required number of iterations (see Figure 1 ).
IART-AS Ionospheric Tomography Algorithm
In view of the above reconstruction algorithms, their performance needs to be further improved, which includes improving the inversion accuracy and computational efficiency and avoiding the unreasonable negative values and overfitting. Therefore, IART-AS is proposed to overcome the above problems based on the IART algorithm and AS technology of relaxation factor in this article.
IART Algorithm
The IART used in the IART-AS algorithm applied a weighting to the density modifications in proportion to the current density (Pryse et al., 1998) and is given by
where the notation follows that given for ART. The weighting term in this expression,
, ensured that the modification to a pixel density is proportional to the current electron density normalized to the peak density along that path, max
. This essentially ensured that the shape of the vertical profile of the background ionosphere was retained throughout the reconstruction.
AS Technology of Relaxation Factor
Herman and Meyer (1993) have developed an ART-based algorithm to realize high-quality reconstructions with excellent computational efficiency by optimizing the relaxation parameters in the positron emission tomography application. In view of the positivity constraints, computational efficiency, and reconstruction quality, we develop the IART-AS algorithm for the ionospheric tomography.
A key step of conducting IART-AS is a training process to optimize the relaxation factors for the estimation of the IED in the ionosphere. In fact, we determining the value of γ (the relaxation factor is the same inside each cycle through all the equations) at each iteration by estimating the deviation between the STEC obtained from the reconstruction IED and actual measurements. Consider a region which contains a total of m STEC measurements or signal paths. For a reconstruction at iteration k with the relaxation factor γ k , let STEC k i;γ k be calculated value obtained from the reconstruction IED of ith signal path, and STEC i be the actual measurement of the corresponding raypath. Then we define the root-mean-square error (RMSE) of a reconstruction at iteration k with the relaxation factor γ k as
Therefore, the value of γ k at each iteration k can be determined by minimizing the RMSE
. For the first iteration, we perform a search for the value, γ 1 , which minimizes the RMSE 1 γ 1
. Fixing this selection of γ 1 , we proceed to find by a similar search for γ 2 , which minimizes the RMSE 2 γ 2 at the second iteration. By fixing γ 1 and γ 2 , then we can find γ 3 at the third iteration, and so on.
Among them, in order to obtain the optimal γ 1 , we started with a special value v and compared the RMSE for that value v with the RMSE for v × r and for v/r , where r is greater than 1 and v should take a value close to 2 that ensure the optimal relaxation factor lie in [v/r, v × r] because γ k i s the relaxation factor of each iteration with 0 < γ k < 2 as described in the previous content. Whichever direction, division or multiplication, increased, the RMSE was repeatedly used, in ratio r, until we found a series of three values such that for the middle one the RMSE is the smallest. We then repeatedly subdivided the interval between the outer and middle points, choosing for the next iteration that find out consecutive three of the five values for which again the middle one provided the smallest RMSE, and stop this process until the three RMSEs were within 1% of each other or less. In this process, it is assumed that RMSE has a single minimize and slowly varying in its neighborhood, and the case was indeed found in a lot of experiments we performed.
The flowchart of the proposed IART-AS algorithm as shown in Figure 2 and the specific implementation is described as follows:
. Stop this process and return to step (1) when the three values were within 1% of each other, and γ k = v 5 , x 0 = x (k) , k = k + 1; otherwise, return to step (a) and v 1 = v 2 , v 2 = v 5 , and
and return to step (2). 3. Repeat steps (1)-(2) until the difference between x (k) and x (k À 1) is sufficiently small or completely satisfies the required number of iterations. Then, the iteration can be terminated.
Numerical Simulation Experiments
Two numerical experiments are presented to validate the performance of the IART-AS algorithm by making some comparisons with some classical algorithms, which included the ART-AA algorithm (Wen et al., 2007) , the ART-AA algorithm with the total variation minimization (ART-AA-TV) as presented by Yao, Tang, et al., 2014 , the IART-AS algorithm with the total variation minimization (IART-AS-TV) and IRI2012 model. As shown in Figure 3 , the reconstructed area covered 24.5°N to 30.5°N, latitude and 108.5°E to 114.5°E longitude. The height ranges from 70 to 1000 km. The model observation data correspond to six time periods (00:00-00:30, 04:30-05:00, 08:00-08:30, 12:00-12:30, 16:00-16:30, and 20:30-21:00 UT), 9 November 2015, for 96 GPS receivers located in Hunan province of China. For the partition of the ionospheric tomography models based on these algorithms, the pixel size in latitude, longitude, and height is constant with 0.5°× 0.5°× 15 km, which yields a total of 8,928 inversion variables for each model.
Simulation Experiment
A numerical simulation experiment is a necessary step to verify the performance of the proposed algorithm before applying to real data. The procedure of the simulation experiment as described in Wen et al. (2007) Figure 2. Flow chart of improved algebraic reconstruction technique automatic search. RMSE = root-mean-square error.
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Radio Science and Yao, Tang, et al. (2014) , in which several sets of IED distributions corresponding to six time periods, 9 November 2015, are provided by the IRI2012 model (Bilitza et al., 2012) , and the coefficient matrix A, is established by using the precise known positions of ground receivers and GPS satellites selected from the Continuously Operating Reference Stations Network of Hunan province in China during the observation period of interest. Among them, the distribution of selected 96 ground receivers as shown in Figure 3 . Take fully into account the instrument noise and discrete errors, a small amount of random noise is added to the simulated STEC data, where the maximum noise is 5% of the average value of the simulated STEC; in addition, the initial IEDs are set to 0.8 times of the above IED distributions.
In this work, the RMSE and the absolute error of the IED and STEC are used as the evaluation standards for CIT precision in the simulation experiment, respectively.
where n is the total number of pixels in the inversion region, Ne Figure 4 shows that the IED profiles obtained from the IART-AS agree better with IRI2012 than those of the ART-AA-TV and ART-AS-TV as a whole. Thus, it indicates that the proposed algorithm is superior to the ART-AA-TV and ART-AS-TV in the simulation experiment. Without loss of generality, Figure 5 shows the IED profiles reconstructed by four methods at 111.4°E, in which each panel represents the corresponding IED image in different epochs. From the figure, we can see that the construction image by IART-AS is more similar to the image of IRI2012 in each time epochs. Therefore, it further indicates that the proposed algorithm is better based on objective quality measures than the ART-AA-TV and ART-AS-TV. Tables 1 and 2 show the error comparison of the IED and STEC between values estimated from IRI2012 model and reconstruction values derived from other six methods during six time periods, respectively; in addition, 0.8*IRI2012, the initial IEDs of the simulation experiment, is also used to compare with IRI2012 in two tables. For different time epochs, the error of the IED and STEC inversed by the IART-ASbased algorithms are significantly lower than that of the IED inversed by the ART-AA-based and ART-ASbased algorithms, which also verifies the superiority of the proposed algorithm. But it can also be seen that the performance of the reconstruction algorithm with TV method is not obviously improved compare to that of the algorithm without TV, which is different as shown in Yao, Tang, et al. (2014) . As described above, a small amount of random noise is added to the simulated STEC data, and the initial IEDs are set to 0.8 times of IRI2012, so we think that due to the simulation data obtained by using different methods that cause the different results above, however, this phenomenon does not appear in real data experiment. 
Real Data Experiment
In this section, we discuss the application of the proposed algorithm to real GPS and ionosonde observation data, where the ionosonde data obtained from Shaoyang station (111.4°E, 27.2°N). The dual-frequency GPS data from the Continuously Operating Reference Stations Network of Hunan province and the time spent in reconstruction is consistent with the simulation experiment. Before inversion, the STEC can be obtained by using the carrier phases to smooth the pseudo-range as shown in (1)-(5), and each pixel of the inversion region is initialized by the IRI2012 model. Note. The units are 10 11 el/m 3 . IRI2012 = International Reference Ionospheric model; IED = ionospheric electron density; RMSE = root-mean-square error; ART-AA = algebraic reconstruction technique adaptive adjustment; ART-AS = ART automatic search; ART-AA-TV = ART-AA total variation; IART-AS = improved ART-AS.
In addition, Table 3 lists the RMSE and absolute error of STEC during six time periods, these can be calculated by the following formulae:
where m is the total number of raypaths, STEC CIT i is the STEC calculated by CIT, and STEC true i is the STEC estimation value obtained from the actual GPS data. Table 3 shows that the performance of the AS-based algorithms are better than that of other three methods and that the ART-based algorithms are superior to the IRI2012 model, for example, the ART-AA, ART-AA-TV, IART-AS, and IART-AS-TV model present an RMSE of 2.1474, 1.7622, 1.5493, and 1.3972 TECU and an absolute error of 1.2522, 1.0729, 1.0574, and 0.9494 TECU for 04:30-05:00 UT respectively, whereas the respective values for the IRI2012 model is higher. In summary, the average RMSE for the IART-AS-TV, IART-AS, ART-AA-TV, ART-AA, and IRI2012 model is 1.4085, 1.5024, 1.8321, 2.0839, and 4.2130 TECU respectively, and the overall percentage difference is about 25.67% between AS-based and AA-based, and 65.45% between AS-based and IRI2012. In addition, according to the statistical analysis of average RMSE, the IART-AS-TV algorithm offers an improvement of 6.25% over the IART-AS algorithm, and the ART-AA-TV algorithm also offers an improvement of 12.08% over the ART-AA algorithm. Therefore, Table 3 also verifies that the total variation minimization method plays a significant role in ionospheric tomography as proposed in Yao, Tang, et al. (2014) . Among them, the average RMSE was evaluated using (12).
where k is the total number of RMSEs used for testing. Note. The units are TECU. IRI2012 = International Reference Ionospheric model; IED = ionospheric electron density; RMSE = root-mean-square error; ART-AA = algebraic reconstruction technique adaptive adjustment; ART-AS = ART automatic search; ART-AA-TV = ART-AA total variation; IART-AS = improved ART-AS. Note. The units are TECU. STEC = slant total electron content; GPS = Global Positioning System; RMSE = root-mean-square error; IRI2012 = International Reference Ionospheric model; ART-AA = algebraic reconstruction technique adaptive adjustment; ART-AA-TV = ART-AA total variation; IART-AS = improved ART automatic search. 
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Although the superior performance of the proposed algorithm can be preliminarily validated from the Table 3 by comparing the prediction errors, however, it is necessary for making some more specific analysis of the actual IED reconstructed by the proposed algorithm. Figure 6 shows a comparison between the IED of the IRI2012 model data and the IED reconstructed by the IART-AS and ART-AA-TV algorithm on 9 November 
Radio Science Figure 7 shows some samples of the diurnal variations of the IED distribution reconstructed by IART-AS algorithm at 111.4°E. The altitude ranges from 70 to 1,000 km and the latitude from 24.5°N to 30.5°N. From this figure, we can see there are larger differences between the characteristics of IEDs in different regions, and the values of IEDs in the south are bigger than those in the north as a whole; therefore, this shows that there is a strong interrelation between the IED and latitude. Comparing all subfigures of Figure 7 , it can also be seen that the peak height of IED gradually increases with the epoch from 00:30 to 08:30 UT, and then it begins to fall during the next time period until the peak height of the IED falls to 250 km at 20:30 UT. This reflects the characteristics of vertical variations of the IED for the day. Radio Science the IART-AS are generally closer to the ionosonde profiles at different epochs. Thus, the excellent performance of the proposed algorithm is further verified for the tomographic reconstruction of IED based on actual GPS observations. In general, owing to GPS observation noise, ionospheric space discretization error, station geometry restrictions, and so on, the accuracy of the inversion results still need to be further improved.
Conclusions
A new ionospheric tomography algorithm, called IART-AS, has been introduced and successfully applied in reconstructing IED distributions based on simulation data and real observation data. This algorithm uses the IART algorithm and AS technology of relaxation factor to perform iteration. The inversion results have demonstrated that the proposed algorithm is characterized by high precision, and the feasibility and effectiveness of the proposed algorithm are validated by numerical experiments. In the future, this algorithm is expected to be extended to 4-D CIT, in which the time evolution of the ionosphere is considered; in addition, we can also consider establishing more effective inversion model of ionospheric electron three-dimensional space characteristics applying IART-AS algorithm based on the combination of many kinds of geodetic observation data. Moreover, we should improve the spatial resolution. 
